We answer a question that was asked by Albert Baernstein II, regarding the coefficients of circular symmetrization. The conjecture is not true generically.
domain that contains D * , and let us assume that D 0 is not the full complex plane (C). Let F be a conformal mapping of U onto D 0 that satisfies F (0) = |f (0)|. The following result is proved in [1] :
Theorem 6. ( [1] ) If Φ is a convex non-decreasing function on (−∞, ∞), f ∈ H(U ) and F as above, then for all 0 ≤ r < 1 we have:
If we choose in Theorem 6 above, Φ(x) = e 2x and assume that we have the following expansions: f (z) = ∞ n=0 a n z n and F (z) = ∞ n=0 A n z n , then we obtain the inequality
By the definition of F we have |A 0 | = |a 0 |, thus if we subtract |A 0 | 2 from both sides of the inequality and divide by r 2 and than take r → 0 + we obtain |f ′ (0)| ≤ |F ′ (0)|, a classical result of Walter Hayman. If f is one-to-one in U then both D and D * are simply connected and we can take F to be a conformal mapping from U onto D * for which
At the end of section (k) in [1] the author asks if the following is true for all n: |a n | ≤ |A n |? Is the following weaker set of inequalities true:
A. Baernstein II, remarks that these last inequalities if true, would prove a conjecture of Littlewood: If f is one-to-one and analytic in U and if f (z) = 0, for z ∈ U , then for each n > 1 we have: a n ≤ 4n|a 0 |. It was proved in [3] that the Bieberbach's conjecture implies the above Littlewood's conjecture. Since by now we know the Bieberbach's conjecture to be true, [2] , Littlewood's conjecture is true as well.
A disproof of the conjecture of Al Baernstein II
Concerning the first question posed by Albert Baernstein II (above) we prove the following:
A n z n is the circular symmetrization of f (z), then we have:
n|A n | 2 and either for all n = 0, 1, 2, . . . we have |a n | = |A n |, or there exist 1 ≤ n 1 , n 2 such that |a n 1 | < |A n 1 | and |A n 2 | < |a n 2 |. Theorem 2.1 answers the problem mentioned above that was raised by Albert Baernstein II. The answer in negative.
Proof.
Let f be a conformal function defined on U . Here conformal means analytic and one-to-one. We assume that f (U ) has a finite area (otherwise we replace f (z) by f (rz) for 0 < r < 1). Let us denote D = f (U ), and let F be a conformal mapping of U onto the symmetrization D * such that F (0) = |f (0)|. Let us denote by S(D) and by S(D * ) the areas of the respective domains. We will use tdφ · dt for the area element in polar coordinates. Then we have the identities:
By the definition of D * it follows that for all 0 ≤ t < ∞ we have D(t) = D * (t) and hence S(D) = S(D * ) (the well-known fact that circular symmetrization is an area preserving transformation). On the other hand we have
A n z n then we obtain the well known formulas:
We recall that by the definition of F we have A 0 = |a 0 | and by Hayman's result (see [5] ) |a 1 | ≤ |A 1 | and so either |a n | = |A n | for n = 0, 1, 2, . . . or there exist 1 ≤ n 1 , n 2 so that |a n 1 | < |A n 1 |, and |A n 2 | < |a n 2 |. In the first case (in which we have equalities of the absolute values for all the Taylor coefficients) the uniqueness result in [5] completes our proof. Hayman refers to a result of Jenkins, [7] and to his own paper [6] . Using the results in those papers one can show that strict inequality holds in |a 1 | < |A 1 | unless f (U ) = f (U ) * and f (z) = F (e iλ z) for some real λ. It is worth mentioning here related uniqueness results of Jenkins (in [8] ) and of Essén and Shea (in [4] ). Our proof is now complete.
